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Abstract 
In this paper it is shown that for every fixed k 1> 3, G(n; d = k) = 2(~) (6.2 -k + o(1))", where 
G(n; d = k) denotes the number of graphs of order n and diameter equal to k. It is also proved 
that for every fixed k>~2, l im,~G(n ;d=k) /G(n ;d=k+ 1)=l im.o~G(n;d=n-k) /  
G(n;d=n-k+ 1)= oo hold. 
1. Definitions and notation 
All graphs considered in this paper are finite, undirected, without loops or parallel 
edges. For a connected graph G the distance d(x, y) between vertices x and y is the 
length of a shortest path between them. 
The eccentricity of a vertex x is ecc(x)= maxr~vtG)d(x, y). The diameter of G, 
denoted d(G), is equal to max~,r~v~G)d(x,y) if G is connected and oo otherwise. 
Consider V(G)= {1 ..... n} and denote by A!~ ) the set of graphs with vertex set 
{1 ..... n} such that the distance between vertices i andj  is at least k. By G(n; d = k) and 
G(n; d >>. k) we denote the number of graphs G of order n and diameter d(G) = k and 
d(G) >~ k, respectively. 
It is well known that almost all graphs have diameter two [1]. The following 
conjecture was raised in [3]. 
Conjecture. For any fixed k >/2 we have 
lim G(n; d = k) = oo. 
,o~G(n ;d=k + 1) 
This conjecture is true for k = 2; its validity for k >/3 will be proved in the next 
sections as a consequence of an asymptotic formula for G(n; d = k). 
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2. Prel iminary results 
In order to deduce an asymptotic formula for the number of graphs of diameter 
k we need the following arithmetical property. Let 
( " ,2°, lr+, f (n ;  nl . . . . .  nk) nl . . . . .  nk 
wheren l+. . .+nk=nandn i>/1  for every l~<i~<kand 
f (n ,  k) = max f (n ;  nl . . . .  , nk) 
n l  + . . .+nk~n 
n l  . . . . .  nk  /> 1 
Lemma 1. The equality 
f (n ,k )=2 z 3.2_k+2 + o (1))" 
holds for  every k >i 3. 
Proof. We shall deduce some properties of the systems (nl . . . . .  nk) that maximize 
f (n ;  nl . . . . .  nk). 
Claim 1. I f  nk = ~ + 1 and c~ >>. 1 then 
f (n ;n l  . . . . .  nk-3,  nk-2 + 0~, rig-a, 1) 
f (n ;  h i ,  . . .  , nk) 
>1.  
This ratio is equal to 
c t+ l  _ _  2,(nk_2-1) 
( .k -~+, )  
We have 
(2 "k -3 -  1)" (2 nk -z+' -  1) "k-* 
(2 "~-=-  1) "~-1 (2 "~-' -- 1)" 
2 nk -2+"  - 1 
(2 "'-3 - 1)" ~ 1, > 2", 
2 "k-2 - 1 
(2 "~-' - 1)-" ~> 2 - '"~-* 
and for every c~, fl ~> 1 the following inequality holds: 
~+1 
(,+~ +1) - -  > 2 - 'P  (1) 
Indeed, 
(~ + 1)2 "p 
,+#+ l 't  
#+1 I 
(fl + 1)2" f12" 2-2" 
• . - -  > i, 
f l+ l+~ f l+~ 2+~ 
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hen- 
cc+1 
(nk-;+a) 
> 2_a(nr-2-l) 
.nd Claim 1 is proved. 
It follows that nk = 1 iff(n, k) =f(n; nl, . . . , nk). 
Claim 2. Zf there exists an index i such that 2 < i < k - 3, ni+3 
where cI > 1 and ni > 1 and ai-1 > 1 then 
f(n; nl, . . . . Q-1, ni + 4 %+I, 1, L&+4, . . . . 4 , 1 
fb; nl, . . . , ~3 
By calculation we deduce that this ratio is equal to 
= 
221 
1, ni+2 = c( + 1 
a+1 _ 2acn,- 1)
(y-l _ ,yyp+a _ l)Ph+, 
P,‘“) 
(pIi _ l)ni+l(yi+l _ l)a(y+l _ 1)’ 
Now the inequality follows in the same way as for Claim 1 since 
(2nl-l - 1)” > 3” 
2 a+1 - 1 
> 1 
‘2n+l_1’ . 
We obtain that every system (nl , . . . , nk) such that f(n, k) = f(n; n,, . . . , nk) does not 
contain four consecutive members greater than one since nk = 1. 
Claim 3. If M, p, y, 6, E > 1 we have 
f(n; nl, . . . . 1, 1, 1, 1, . . . . 1, y + 1,6 + CI + 1, E + B + 1, 1, . . . . nk) 
0; nl, . . . . 1, 
, 1 
CI + 1, p + 1, 1, . . .) 1, y + 1,6 + 1, E + 1, 1, . . . . nk) 
This ratio is equal to 
‘;$!gyj: ?;;“(2’+’ - 1Y (2p+fy;;2LI _ 1) 
Efl 
(2 
a+a+1 
- 1) 
/J+&+l 
> ‘2 3 (2a+’ - 1)72a+l - 1y ‘(2 a+1 _ 
l)p+l(p+l 
_ 
I)&+’ 
p+e+ 1 > ‘2 i 0 3 2 19+&+l, 1 
since (1) holds and 
p+E+l _ 1 1 2a+a+ 1 -1 1 
(2 8+1 _ 1)(2”+1 _ 1) ‘2; (2a+’ - 1)(26+’ - 1) ‘2’ 
In a similar way we can prove: 
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Claim 4. I f  ~, fl, 7, cq, /31, 71 >t 1 then 
f(n;na . . . . .  1, 1, 1, 1, 1 ... .  ,1, 1 + ct + ~1, 1 +/3 +/31, 1 + 7 + 71, 1,. . . ,nk) 
>1.  
f (n ;n l  . . . . .  1,1 +~,1  +/3 ,1  +7,1  . . . . .  1,1 +~1,1  +/3x, 1 +7x ,1  . . . .  ,nk )  
Claim 5. I f  ~,/3, 7, 6 ~> 1 we obtain 
f (n ;n l  . . . . .  1, 1, 1, 1,... ,  1,~ + 7 + 1,/3 + 6 + 1, 1 . . . . .  nk )  
f (n ;n l  . . . . .  1,~+ 1 , /3+ 1,1 . . . . .  1 ,7+ 1 ,3+ 1,1 . . . . .  nk) 
>1.  
Claim 6. I f  ~, /3 >1 1, we deduce 
f (n ;n l  . . . . .  1, 1, 1 . . . . .  1, ~ +/3 + 1, 1 . . . . .  nk )  
f (n ;n l  . . . . .  1, c~ + 1, 1 . . . . .  1,/3 + 1, 1 . . . . .  nk) 
>1.  
This ratio equals 
+ 1 2 "+p+I - 1 
_ _  2~P 
(=~++~) (2 =+1 -- 1)(2 p+x - 1) 
>1 
since for c~ = 1 or/3 = 1 it can be verified directly and for ~ ~> 2 and/3 /> 2 we have 
ct + fl + 1)  2 "+°+* - 1 1 
f l+ l  "N< 2~+P' (2=+1 - 1)(2P+* - 1) >2 
and (~ - 1)(/3 - 1) ~ 1 or ~/3 - ~ - /3  >/0. In the same way one obtains: 
Claim 7. For ~, /3, Y >1 1 we have 
f (n ;n l  . . . . .  1 ,1,1 . . . .  ,1 ,~+f l+ l ,y+ 1,1 . . . . .  nk) 
f (n;nx . . . . .  1, e+ 1,1 .. . .  ,1 , /3+ 1, y+ 1,1 . . . . .  nk) 
>1.  
Claim 8. I f  ~,/3, 7, 6 ~> 1 then 
f (n ;n l  . . . . .  1, 1, 1 . . . . .  1, f l+  1,~ + 7 + 1,6 + 1, 1 . . . . .  nk) 
f (n ;n l  . . . . .  1,~ + 1, I . . . . .  1,/3 + 1,7 + 1,6 + 1, 1 . . . . .  nk )  
>1.  
Claim 9. If/3, 7 >>- 2 and ~ >>. 7 + 2 we have 
f(n; nl . . . . .  1, e + 1,/3, 7 -- i, 1 . . . . .  nk) 
>1.  
f(n; n~ . . . . .  1, e, fl, 7, 1 . . . . .  nk) 
This ratio is equal to 
7 2 , _ ,+1(2"+X- - l ' ]P  1 2 ' -1 - -1  7 1) 2 , - ,+1  
\ 57- i ] 2"-  1 
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since 
1 and 
2y-‘- 1 1 
> 27 - 1 > 3’ 
For every LX 2 y + 2 we deduce that A 2a-7+1 > 1. It follows that every system 
(l,..., 4 P, Y, 1, . . . . 1) with CI, !?, y 2 2 maximizingf(n; nl, . . . . nk) satisfies a < y + 1. 
Let D1 = {(fir, . ..) nk)lnl + “’ + nk = n, nk = 1, (ni, . . . . nk) = (1, . . . . 1, m, j, 1, . . . . l), 
cl,/?>2 and a+/3=n-k+2) and 02={(nl,...,nk)Inl+“.+nk=n, nk=l, 
(a 1, . . . . nk)=(l,..., l,kB,y,l,..., l), cc,p,yb2, cw<y+l and or+fi+y= 
n - k + 3). If we denote 
it follows that for sufficiently large n we have 
f(n, k) = max (fi(n, k)&(Q)) 
For (1, . . . . 1, do, B, 1, . . . . 1) E D, we obtain 
(2) 
.f(n; 1, . . . . 1, c( + 1, p - 1, 1, . . .) 1) Pfl - 1)8-‘(2B-l - 1) 
=-.- 
a /J+1 
f(n;l,..., l,cr,j,l,..., 1) 
.:12- 
(2” - 1)@(2fl - 1) . 
If M and /I IXXdiZe maxf(n; nl, . . . . nk) in Dl it fOllOWS that lim,,, tl = limn+ao p = cc 
since, otherwise, this ratio approaches 0 or co and f(n; 1, . . . . 1, CC, /I, 1, . . . . 1) cannot 
be maximum. If CI and fl tend to infinity as n --) cc we have 
!> !1 
a+; 
f(n;l,..., l,N,/?,l,..., l)-E(~,/?)=--$22 
+aB+B 
. 
. . 
Because E(a+ 1,p- 1) E Ca, 8j = & it follows that if cc(n, k) and P(n, k) denote the values of 
CI and fl that realize 
46 k) = maxn+p=n-k+2 E@, P) 
a,L7>2 
then: 
n-k 
a(n, k) = - 
2n - 2k 
3 + 6 and /?(n, k) = 3 -----+2-d, 
where 6 E (0, -of, +$}. One obtains that fi(n, k) N e(n, k) and by Stirling’s formula 
” 
i! 2 
-kn+Zn 
e(n, k) w Pk(n)3”*2 , 
where P,(n) is a polynomial in n of fixed degree (depending only on k). It follows that 
fl(n, k) = 2(1)(3.2-k’2 + o(l))“. 
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On the other hand, 
f(n; 1 .. . . .  1, ~, fl, 7, 1 .. . . .  1) ~< g(a, fl, 7) = 
I f ,  >~ 3 we have 
g(a -  1, fl, 7 + 1)_  
g (~, fl, 7) 7 + 1 
~!fl!y! 
n! 2("- :+3)+~(1-"  
~!fl!y! 
- -  2 ~ ' -a+2 > 1 for every ~ ~< 7 + 1; 
(:)+() 
9(2, fl, Y) = 2"-k+ 1 max 2 
0+~ '=n-k+ l
fl, y>~2 
2 
=2"-k+le(n ,k+1)=2" '2  (3"2 -k+~+o(1))"  
= 2 3"2 -k+2 + o(1))" 
hence maxo2 g(~, fl, 7) is reached for ~ = 2. We can write 
f2 (n, k) ~< max 
/~+~=n-k+l  
and the result follows from (2). [] 
Lemma 2. The number of bipartite graphs G whose partite sets are A, B (A c~ B = 0, 
[A[ = p, [B[ = q) such that d(x) >1 1 for every x ~ B is equal to (2 p - 1) q. 
The proof follows from the inclusion-exclusion principle. 
Lemma 3. The following equality holds: 
G(n; d = 3) 
lira - oo. (4) 
,-~ 00 G (n; d ~> 4) 
Proof. Consider a graph in A!. 4) Clearly no vertex adjacent with i is adjacent with 
ld " 
a vertex which is adjacent withj. Therefore, the number of graphs in A}~ ) in which i has 
nl neighbors and in which j has n2 neighbors is 
2 -n l  -n2  n -  
2\2) \2 :  \ =2  
It follows that for every 1 ~< i < j ~< n we have 
[A}4 ) 2 = n-2  2 
nl+n2+~ns=n_ 2 (nl, n2, n3 ) -nln2 
tlI,~2,113 ~ 0 
n--2 
k=0 n2+na=n-2-k  \k ,  n2, n3 /  
n2, n3 /> 0 
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=~ n-2  , - -k  n -2 -k  
2-k,2 
k=O k / n2=O \ r/2 
Hence we have 
(4) 2 n -2  
IAi~ 1< 2 2 "-2 + 
because 2-k~< ½ for every k >~ 1. We 
G(n; d >1 4), 
and 
deduce that G(n;d=3)=G(n;d>13) -  
n-2  
~ U A}3'1> A}~' =3"-22  (2 )  
<~i<j<~n 
G(n; d >~ 4)= ~.) A!4' < ~ [Ale'] < 2(2 2"-2 + \2J  J' 
l<<.i<j<<.n ld ] l<~i<j<<.n 
which imply (4). [] 
3. Main results 
Theorem 1. For every f ixed k >>. 3 we have 
G(n;d = k) = 2 3"2-k+1 + O(1))". (5) 
Proof. Let k ~> 4. If x ~ V(G) has ecc(x) = k, then V1 (x)w ... w Vk(X) is a partition of 
V(G)\{x},  where Vi(x) = {YIY ~ V(G) and d(x, y) = i} for 1 ~< i~< k. It follows that 
x is adjacent with all vertices of V1 (x) and for every 2 <~ i ~< k any vertex z ~ Vdx) is 
the extremity of an edge zt, where t ~ Vi- 1 (X). Hence by Lemma 2, 
]{GI V(G)= {1 .... ,n} and ecc(x)= k}l 
t t k -1  n- -1  2,=~(;') U (2"' -- 1) .... . gtl~ ...~ n k nl + ' "+"k=n- -  1 i=1 
nl, ...,.k >/ 1 
(6) 
If we denote by h(n, k) the right-hand side of (6), we deduce by Lemma 1 that 
h(n, k) <. max f (n  - 1; nl .... , nk) = f (n  -- 1, k). 
n l+. . .+ .k=. - - I  
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We get 
~) {GIV(G)= {1 . . . . .  n} andecc(x )=k} G(n; d = k) <~ 
,,~{ 177.., ,} 
~<n n-  1, k )=2 3"2-k+1 + o(1)) ~ 
by Lemma 1. 
In order to obtain a large class of graphs of order n and diameter equal to k we shall 
proceed as follows: 
Let x ~ {1 . . . . .  n} be a fixed vertex and U, Vc  {1 . . . . .  n}\{x} such that Un  V= 0, 
I U[ = e(n - 1, k), [ V] = fl(n - 1, k), where e(n, k), fl(n, k) are given by (3). For any 
choice of U, V consider two vertices u e U and v e V, a path u, a l ,  a2 . . . . .  a, = x and 
a path v, bl,  b2 . . . . .  b, for odd k, where r = (k - 1)/2 or a path u, ax, a2 . . . . .  a,+ ~ = x 
and a path v, b l ,  b2 . . . . .  b, where r = k/2 - 1 for even k, respectively. 
The vertex sets {a~ .. . . .  ar+~ } and {b~ . . . . .  br} are disjoint and do not contain any 
vertex in U va V. We consider a graph H~ on vertex set U and a graph H 2 on vertex set 
V such that d(H~) = d(H2) = 2 and some edges pq, p ~ U and q s V such that every 
vertex in V is an extremity of such an edge; the selection of these edges can be made in 
(2,~, - 1,k) _ 1)p~.-x,k) ways. The graphs defined on this way will contain all edges aa z, 
where z e U. 
If G denotes a graph produced by this procedure it is easy to see that 
IV(G)[ = n,d(G)  = k, ecc(x) = k, [ Vl(x)] . . . . .  [ V,_,(x)[ = 1, [ V,(x)l = ~(n - 1, k), 
I Vr+l(X)] = ~(n - 1, k), I V,+z(x)[ . . . . .  I Vk(x)l = 1 for odd k(r = (k - 1)/2) and 
I Vl(x)l . . . . .  I V,(x)l = 1, I V,+a(x)l =~(n-  1, k), I V,+z(x)l =~(n-  1, k), 
I V,+3(x)l . . . . .  I Vk(x)l = 1 for even k (r = k/2 - 1). 
Since bl can be joined by edges with vertices in V in 2 p~"- ~.k)-~ ways, for fixed k 
and x, the number of such graphs is equal to 
n - 1 ) G (~ (n - 1, k); d = 2) G (fl (n - 1, k); d = 2) 
~(n - 1, k), fl(n - 1, k), 1 . . . . .  1 
(") 
2 
x(2~(._l,k) - 1)~._l,k)2p~._l,k)_ 1 ~ _1 e(n - -  1, k) = 2 (3-2 -k÷l  + o(1))" 
2 
since G(~; d = 2) ~ 2(~) as ~ m.  
Hence G(n; d = k) >1 2(~)(3.2 -k+l + o(1))" and (5) is proved for k >/4. I f k  = 3 we 
have G (n; d = 3) ~ G (n; d >~ 3) by Lemma 3 and 
G(n; d ~> 3) = U A} 3) = 22 +o(1  " 
l <~ i< j  <~ n 
since A ~3) =3 " -22  ~"a2*.~-' [] - - i j  
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Corollary 1. For every f ixed k >~ 2 the following equality holds: 
G(n; d = k) 
lim - ~ .  
~oo G(n; d = k + 1) 
Theorem 2. We have n! Sk- l (n) <~ G(n;d = n - k) <<. n! Rk_ l (n) for every f ixed k >~ 1, 
where Rk- l (n) and Sk-1 (n) are polynomials of degree k - 1 in n with positive leading 
coefficients depending only on k. 
Proof. If nl + ... + nn-k = n - 1, k is fixed and n~ ~ almost all n~ ... . .  nn_ k are 
equal to 1 and the corresponding factors in (6), (2 "' - 1) "'+1 -- 1 for ni -- 1. From (6) it 
follows that 
G(n;d=n-k)<~n k (n -1 ) !C~(k) ,  
where Cl(k) is a constant depending only on k. Therefore G(n;d=n-k)<~ 
n ! Rk- 1 (n), where RR- ~ (n) is a polynomial of degree k - 1 in n with positive leading 
coefficient depending only on k. 
Now we shall generate a sufficiently large class of graphs of order n and diameter 
n - k as follows: 
For every subset X c {1 .. . . .  n} of cardinality [X[ = n - k + 1 we consider a hamil- 
tonian path xl . . . . .  x, -k+ 1 on vertex set X. The remaining vertices (whose number is 
k - 1) will be joined each by a single edge to vertices in the set {x3, x4 .. . . .  x , -k -  ~ } in 
(n - k - 3) k- ~ ways. If G is a graph obtained by this procedure then G is a tree (in fact, 
a caterpillar) and d(G) = n - k. The number of such graphs G is equal to 
n ) (n -k+l ) !  3) k-1 n! 
k -1  ~ (n -k -  = Sk-l(n), 
therefore G (n; d = n - k)/> n ! Sk- 1 (n), where Sk- ~ (n) is a polynomial of degree k - 1 
in n with positive leading coefficient depending only on k. [] 
Corollary 2. We have 
lim G (n; d = n - k) 
n~ooG(n ;d=n-k  + 1) 
for every f ixed k >~ 2. 
=O0 
However, the following problem remains open: 
Conjecture. If k(n) is an integer function of n such that 2 ~< k(n) <~ n - 2 for every n, 
then 
lim G(n; d = k(n)) = oo 
n~oo G(n;d = k(n) + 1) 
holds. 
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